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1.2: Properties of Functions

In this section, we shall discuss some of the major properties of a
function.

Increasing. decreasing, and constant functions
A function y = f(x) is increasing in an interval if an increase in the value

of x results in an increase in the value of y. That is, as x increases, y also

increasing.
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A function y = f(x) is decreasing in an interval if an increase in the value
of x results in a decrease in the value of y. That is, as x increases, y
decreases.
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A function y = f(x) is a constant function if an increase in the value of x
does not result in any change in the value of y. That is, y remains
constant as x increases.

Ve

EXAMPLE I:
For each function, determine the intervals on which it is increasing,
the intervals on this it is decreasing, and the intervals on which it is
constant.
(@) f(z) = (z — 2)*
(b) f(z) = ;55
(©) f(z) =3
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Solution: (a) Increasing on the interval (—o0, 2) and decreasing on
the interval (2, c0)

(b) Increasing on (—o0, —2), decreasing on (—2, —1),and again
decreasing on (—1,0) and then increasing again on (0, c0).
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(c) Constant on the interval (—oo, )
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Continuity
Logically, a function is said to be continuous at a point if there is no break
or gap in the graph of the function at that point.

1. A continuous function is continuous at all points in its domain.
f
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2. If a function is continuous everywhere except for to 'hole' at a point
x = a, and if it is either defined at some other points near the 'hole’
or it is not defined at that point, then the function is said to have a
removable discontinuity at that point. This is because we can
redefine the f(a) at that point so that the 'hole' can be patched up or
plugged, thus making it continuous.
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3. A function is said to have a jump discontinuity at a point x = a if the
graph meets a verticalline at £ = a in two different points. The
function could be defined at only one of these two points. A jump
discontinuity is no removable as the gap cannot be patched or
plugged.
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4. A function has an infinite discontinuity at * = a if the graph has a
vertical asymptote at * = a.
G i

EXAMPLE 2:

Analyze the continuity of the following functions:
(@) f(z) = 2® — 4z — 2

(b) f(z) = L2
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(©) f(z) = 25

Solution: (a) Continuous function

(b) Note that & = 2 is a point of discontinuity. But, since the reduced
expression of the function gives f(:c) = x + 2, the graph of this
function is stratight line, with a hole at the point x = 2. So,there is a
removable discontinuity at x = 2.
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(c) This function has an infinite discontuity as there is a vertical
asymptote for the graph of this function at x = 2.
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Boundedness
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A function is said to be bounded below if there is a least number b in the
range of the function. Then b is called the lower bound of the function.

A function is said to be bounded above is there is a number b which is the
maximum of all the numbers in the range of the function. Then,b is called
the upper bound of the function.

A function is said to be bounded if it is bounded above and below. This
concept is illustrated in the graphs below:

(a) This graph is bounded below.The lower bound is y = —4
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(b) This graph is bounded above.The upper bound is y = 2
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(c) This graph is bounded. The upper bound is y = 2.5 and the lower
bound is y = —2.5.

Extrema

When the graph of a function changes from increasing to decreasing or
vice versa at a point £ = a, then, that point (a, f(a)) is said to be the
local extremum of that function.

When the graph changes from increasing to decreasing then, that point is
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a local maximum and when it changes from decreasing to
increasing,then that point is the local minimum.

When we consider function within a closed interval, then the point where
the function valus is maximum is called the absolute maximum and the
point where the function value is minimum is called the absolute
minimum of the function. Absolute extrema can be either the local
extrema or one or more of the end points.The following two graph
illustrate this property:

The above graph has two local minima, one at * = —2.5 and another at
x = 2.1,and a local maximum at z = 0.5.

If we consider the graph within the interval [—2, 2], we see that the

function has an absolute minimum at £ = —2 and an absolute maximum
at x = 0.5.

Symmetry

In mathematics, 'a figure is symmetric about a line' implies that the two
parts of the figure divided by that line are exactly alike or identical. One
part will the mirror image of the other part, is a mirro is kept on that
line.The line is called axis of symmetry. We discuss three main types
symmetry here.
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1. Symmetry with respect to the y-axis:
Algebraically, a function y = f(x) is said to be symmetric with
respect to the y-axis when f(—x) = f(x).This means that, is we
substitute (—z) for x in the function, we get the same function.
These types of functions are also called even functions. For any
function that is symmetric about y-axis, whenever a point (z,y) lies
on the graph, the point (—2,y) also lies on the graph.

EXAMPLE 3:
Consider the function f(z) = z* — 222 + 3. This is an even
function. If we substitute (—z) for  in f(x), we get

f(—=z) = (2)* - 2(~=2)* +3
—z*— 22243
= f()
This function is symmetric with respect to the y-axis. Graphically,

we notice that the portion of the graph to the right of the y-axis
is exactly same as the portion to left of the y-axis.

2. Symmetry with respect to r-axis
Graphically, the portion of the graph above the z-axis is exactly same
the portion below. Graphs of this kind are not functions as can be
verified by the vertical line test. For these kind of graphs, whenever a
point (x,y) lies on the graph, the point (z, —y) also lies on the
graph.

EXAMPLE 4
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Consider the graph of y?> = 4z + 1. algebraically, if we can verify
that (x, —y) also satisfies this equation. The graph below shows
that any vertical line crosses the graph in more than one point.
so, this is not a function.

3. Symmetry with respect to origin
Graphically, whenever a point (x,y) lies on the graph of such
function, the point (—ac, —y) also lies on it. This type of symmetry is
also called rotational symmetry about origin, as, if you keep the
origin fixed and rotate the graph about 180 deg, you get the same
graph. The graph looks the same, upside down as well as right side
up.
Algebraically, f(—x) = — f(x).These functions are also called odd
functions.

EXAMPLE 5:
Consider the function y = z3 — 3z. The graph below shows that
it has rotational symmetry about origin. Also, is we substitute —x
for &, we note that
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f(-z) = (—2z)° = 3(~z)

= — 2343z
= — (2° — 3z)
= — f(z)

EXAMPLE 6:

Check the following functions for symmetry:
(@) f(z) = z2 — 3; (b) f(z) = z3 + 4z; (¢) f(z) = z* — 3z + 2

Solution: (a) Checking algebraically:
2
f(=z) = (—z)" -3

=z -3

= f(z)

So, this is an even function. The graph is symmetric with respect to y
-axis. The graph below confirms this.
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Asymptotes

Asymptotes are lines that describe the behavior of a graph as they
approach the line. A line y = f(w) is an asymptote to a graph of a
function if the graph tends to come closer and closer to the line but does
not cross it. In other words, the graph tends to co or —oo when it
approaches the line. Such asymptotes can be horizontal, vertical or
oblique lines.

A graph can have more than one vertical asymptote, but it can have only
one, or none, horizontal asymptote. This is because of the basic definition
of a function.

EXAMPLE 7:

The graph below has y = —1 as a horizontal asymptote and z = —2
and x = 2 are two vertical asymptotes.

16 of 25 11-08-2018, 12:06



Precalculus - C1-2 file:///C:/Users/Subramanian/Documents/Maths on web/05_Precalculus/...

In particular, a vertical line x = h is a vertical asymptote of the graph
of a function y = f(z) is f(z) approaches the line z = h as
approaches +00 or —o0.

A horizontal line y = k is a horizontal asymptote of the graph of a
function y = f(«) if f(x) approaches the line +00 as = approaches

y = k.

EXAMPLE 8:
Identify the horizontal and vertical asymptotes of the graph of the
following function:
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Solution:The graph has two vertical asymptotes, one at x = —1 and
another at x = 2. It has a horizontal asymptote at y = 0.

Practice Problems

For problems # 1 - 4, determine whether or not the graph of the
given function has a discontinuity. If there is a discontinuity, state the
point of discontinuity and the type of discontinuity.

(1) f(z) = ;4
Infinite discontinuity at z =1
2) f(z) =23 -32z2 -z -5

No discontinuity
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(3) f(z) = =1

T

One removable discontinuity at =z = 0.

(4) fla) = 22

z+3

For problems #5 and #6, identify the type of discontinuity

(5)
4
R4 /
e
DY
< ,' >
=2

Jump discontinuity
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Removable discontinuity

For problems #7-10, identify whether each labelled point is a local
maximum, a local minimum, or neither. Also, determine the intervals
where each graph is increasing, decreasing, and constant.
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Local minimum at (—2.2,—2.8) and local maximum at (2.7, 3).
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(8)

Local maximum at (1,4) and local minimum at (4, -1).
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Local maximum at (2,1).
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Local minimum at (4,—1).
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For problems #11 - 13, determine whether the function is bounded
above, bounded, or bounded on its domain. Also state the bounds.

(11) f(z) =1 — x2
Bounded above by the point (0,1). So,the upper bound is y =1

(12) f(x) =1+«

Bounded below by the point (—1,0). Lower bound is y =0

(13) f(z) = 22

z24+1

Bounded on its domain. Upper bound is y = 3 and lower bound is
y=0.

For problems #14-16, state whether the function is even, odd, or
neither. Also determine whether each function is symmetric with
respect to the y-axis, with respect to the origin, or neither.

23 of 25

(14) g(z) = 4x°
Odd function. The graph is symmetric with respect to the origin.
(15) h(z) = Va2 + 4

Even function. Symmetric about y-axis.
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(16) y = =3 — 3z + 2

Neither even nor odd. Not symmetric.

For problems #17-20, find the equations of the horizontal and vertical
asymptotes.

_ x+1
(17) y - r—3

Horizontal asymptote y = 1; Vertical asymptote = = 3.

(18) f(z) = -]

Horizontal asymptote y = 2 and two vertical asymptotes x = —1 and

r=1.

(19) f(z) = 2

No horizontal asymptote. One vertical asymptote z = —1.

(20) g(z) = 2=

Horizontal asymptote y = 0. Vertical asymptote y = 2.

(21) g(z) = 5

3
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Horizontal asymptote y = 0. Vertical asymptote y = 2.

(22) g(x) = 5=

Horizontal asymptote y = 0. Vertical asymptote y = 2.

(23) g(z) = 2

Horizontal asymptote y = 0. Vertical asymptote y = 2.

(24) g(x) = 5=

Horizontal asymptote y = 0. Vertical asymptote y = 2.
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