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P3. Absolute Value Sentences

The absolute value of a real number x is the distance between the graph
of x and the origin on the number line.

The absolute value equation |:c |: 2 represents the equivalent compound

sentence "r = —2 or x = 2". We solve an absolute value equation by
first writing it as equivalent disjunction.

EXAMPLE I:
Solve |3x — 5 |= 8

Solution: Writing the equivalent disjunction statements and solving:

3r—5> = —8 or 3zx—5 = 8
3r = -3 or 3z = 13
xr = —1 or =z = 1

So, the solution set is {—1, ?} Note that the braces enclosing the

solution set indicates that the solution set consists of only these
numbers.

EXAMPLE 2:
Solve |2z — 1| +3 =28
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Solution: First subtract 3 from both sides to form the equation so
that the resulting equation has only the absolute value term on the
left side. Then form the equivalent disjunction statements and solve:

2z—1] = 5
2z—1 = -5 or 2z—1 = 5
2z = —4 or 2z = 6
z = —2 or =z = 3

So, the solution set is {—2, 3}.

EXAMPLE 3:
Solve 4— | 3z + 1 |= 2.

Solution: Here, we can rewrite the equation ane solve it as

B3r+1|—-4 = -2
Bz +1] = 2
3x+1 = 2 or 3r+1=-2
3r = 1 or 3x = -3
T = % or <« = -1

So, the solution set is {%, —1}

Absolute value inequalities involve two types of combined inequalities.

1. Combined inequalities with conjunction "and". These have < or <
between the left and right side expressions.

2. Combined inequalities with disjunction "or". These have > or >
between the left and right side expressions.

While forming the two inequalities, first rewrite the absolute value
inequality such that only the absolute value expression is on the left side,
and all other numbers/ expressions are on the right side. Then, use the
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following steps to form the two inequalities:

Step 1: Write the first equation with the expression on the left side
without the absolute value, keeping the same inequality and the right
side expression.

Step 2: Write the second equation with the same expression on the left
side, reversing the inequality, and negative of the right side expression.

Step 3: Solve each equation separately. If the inequality is < or <, the
final solution would be the conjunction or the intersection set of these
two solution sets. If the inequality is > or >, then the final solution
would be the disjunction or the union set of these two solution sets.

EXAMPLE 4:
Solve the inequality |z + 3 |< 7

This problem is a conjunction inequality. So,we form two inequalities
with "and" in between.

—7

—10

AVARAY,

So, the solution set is written in set builder form as
{z/ — 10 < < 4}, and as an interval [—10, 4]. This is shown on the
number line as below:

< !. =~
ﬂ.-

- lo

EXAMPLE 5:
Solve the inequality |2z — 3 [> 1.

This problem is a disjunction inequality. So, we form two inequalities
with "or" in between
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2c—3 > 1 or 2x—-3 < -1
20 > 4 or 2z < 2
r > 2 or x < 1

So, the solution set is written in set builder form as
{x/x <1 or x> 2}, and as an interval (—oo,1) U (2, 00). This is
shown on the number line as below:

< 1 3. """1-3
4 —
=l 7

EXAMPLE 6:

Solve the inequality |z + 1 [> £E2.

In this problem, we note that the variable x appears on left as well
as right sides. Using the definition of absolute value inequalities, we
first split this inequality into two separate inequalities:

x+1 > x;r‘l or z+1 < —x;r‘l

r+4 or 2x-+2 r+4
2 or —2

2 + 2

>
x 2>

<
<

As x appears on both sides, it is advicable that we check both the
correctness of the solution set. For thr solution set x < —2, we
substitute a value less than —2 on both sides of the inequality: LHS
=|z+1]=|-3+1=|-2/=2;RHS = 2t = 2 = 1,
2> % So, the first solution x < —2 is correct. Similarly, we check

2 27

the correctness of the second solution by sustituting a value greater
than 2: LHS = |3+ 1| = |4| = 4; RHS = 3+4 = % We see that the
second solution > 2 also works as 4 > 5. So, the solution set is
written in set builder form as {z/x < —2 or x > 2}, and as an
interval (—oo, —2) U (2, 00).
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Practice Problems

(D|z+3|=3
2)|5—2t|<3
(3) 2z -3|>1
(4) 8 =[ 5y — 2|

2
G 1-3 =3

(6) Solve the inequality for p in terms of a:

(7) |z+5|-3=1
(8) 1>|2—0.8n|
9 FI<3

4

(10) 4—|3k+1|<2

a— % (<2

Solve the following absolute value sentences. For inequality problems,
write your solutions as an interval and as inequality.
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(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

7—3 |4z - 7[> 4.
2|22 -3>5
7T+5|c|<1-3](|

3— |22 —-3|>1

5—2n|=3
3—|xz—1|>2
7Tz +9 |> 30

T+ 2z — 3| < 2

2¢+1|<6—=x

22 —4 <0

3 —z |> 5z
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(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

z > |z +1

5—[3—y|>4

22 +3|—6<7

—4|x—1|> -8

|—4z + 5 |> 12

lz | +7 <5

5% |=7

2y +9|< 13

9—2k|=5
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